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§ 13. Statistical Properties of the Neoclassical 
Radial Particle Diffusion in a Tokamak 
Equilibrium 
Maluckov, A., Nakajima, N., Okamoto, M., Murakami, S., 
Kanno, R. 
The statistical properties of the neoclassical 
radial particle diffusion in a tokamak equilib-
rium are examined by numerically evaluating the 
cumulant, diffusion, and autocorrelation coeffi-
cients. The gyro-phase averaged Boltzman equa-
tion in ( r, E, 11) space [ E and 11 are the energy 
and the magnetic moment, respectively] 
~ +if· '17 f = Cr(f), (1) 
is solved by using the Monte Carlo method. In 
Eq.(1), Cr(f) is the linearized pitch angle scat-
tering operator: 
Cr(f) = ~~ [(1- >..2) ajl 
2a>.. a>.. (2) 
where the pitch A = vii/v is used instead of J-1, 
and vis the deflection collision frequency, so that 
the particle energy E is conserved. The drift 
velocity iJ in Eq.(1) is expressed as 
~ B + \1 X (Pii B) B 
v = vu B + fi . v x (PuB) , fi = B , ( 3) 
with VII = iJ. n, Pii =Vii/D. 
By using the radial particle displacement 
8r(t) = r(t) -r(O), the cumulant up to 4th order, 
the diffusion coefficient, and the autocorrelation 
coefficients are defined as 
C1(t) (8r(t)), 
Cn(t) ((8r(t) - (8r(t)) )n), n = 2, 3, 
C4(t) ((8r(t) - (8r(t)))4)- 3Cg(t), 
D(t) 1 dC2 (t) 
2 dt 
(4) 
A( t, t') ((8r(t) - (8r(t)) )(<5r(t') - (8r(t')) )) V C2( t )C2( t') 
where 0 means the particle ensemble average. 
For a Gaussian process, Cn23 (t) = 0. The type 
of diffusion is distinguished as 
super } dD { > 0 
normal diffusive for - = 0 (D =rf 0) 
sub dt < 0 
and as non-diffusive for D = 0. When all the cu-
mulants are invariant for time translation, and 
moreover A(t, t') = A(t' - t), the process is sta-
tistically stationary. 
The ten thousand electrons are initially loaded 
on a particular flux surface with fixed energy 
E = 3ke V, randomly chosen pitch, and uni-
formly distributed poloidal and toroidal angles 
in the Boozer coordinates. 
By analytically and numerically solving Eq.(1) 
without particle drift, it is found that the pitch 
angle scattering in the velocity space is a uniform 
mixing process with respect to A. in the asymp-
totic time limit with tv >> 1: 
1 6 
c1 = o, c2 = 3, 1'3 = o, 1'4 = - 5, 
D = 0, A(t, t') = e-v(t' - t), t' 2:: t, (5) 
where l'n = Cn/C;12 . Namely, the pitch angle 
scattering is a uniform, non-diffusive, statisti-
cally stationary, and Markov process. This uni-
form mixing process in the velocity space cre-
ates the radial particle diffusion in the configu-
ration space together with the particle drift mo-
tion. From the direct comparison of such coeffi-
cients with those of a Wiener process (classical 
Brownian process) with 
C1 = 0, C2 = 2Dnct, /'3 = 0, /'4 = 0, 
D = Dnc, A(t, t') = ff,, t' :0: t, (6) 
it is confirmed that the radial particle diffusion 
is a Wiener process: Gaussian, normal diffusive, 
statistically non-stationary, and Markov process. 
In the asymptotic time limit with vt >> 1, the 
pitch A. acts as uniformly distributed indepen-
dent random variable on the drift motion with a 
narrow radial width, so that it is considered that 
the radial particle diffusion becomes a Wiener 
process from the central limiting theorem. Note 
that the locality of the drift motion may lead to 
Fick's law: 
(f · 'llr)s = D8~js, (7) 
where D (given by Eq. ( 6)) does not depend on 
time explicitly, and 0 8 is the flux surface aver-
age, so that the equation of continuity obtained 
from Eq.(1) becomes well known form(' = d/dr): 
a(n)B = ~~ [v' Da(n)B]· (S) 
at V' ar ar 
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